QUADRATIC SEMIMARTINGALE BSDES UNDER AN 
EXPONENTIAL MOMENTS CONDITION 



By Markus Mocha'3 and Nicholas Westray 

Humboldt- Universitdt zu Berlin 

In the present article we provide existence, uniqueness and stability results 
under an exponential moments condition for quadratic semimartingale backward 
stochastic differential equations (BSDEs) having convex generators. We show 
that the martingale part of the BSDE solution defines a true change of measure 
' and provide an example which demonstrates that pointwise convergence of the 

fS) . drivers is not sufficient to guarantee a stability result within our framework. 

1. Introduction. Since their introduction by Bismut 01 within the Pontryagin max- 
. imum principle, backward stochastic differential equations (BSDEs) have attracted much 

attention in the mathematical literature. In a Brownian framework such equations are 
usually written 



> 



(N 



(1.1) dYt = ZtdWt-Fit,Yt,Zt)dt, Yt = C, 



where ^ is an J-r-measurable random variable, the terminal value, and F is the so called 
driver or generator. Here {J't)tG[o,T] denotes the filtration generated by the one dimen- 
sional Brownian motion W. Solving such a BSDE corresponds to finding a pair of adapted 
processes {Y, Z) such that the integrated version of (jl.ip holds. The presence of the control 
process Z stems from the requirement of adaptedness for Y together with the fact that Y 
' must be driven into the random variable ^ at time T. One may think of Z as arising from 

CO . the martingale representation theorem. 

In the general semimartingale framework, where the main source of randomness is en- 
coded in a given local martingale M on a filtration iJ't)te[o,T] that is not necessarily 
generated by M, we have to add an extra orthogonal component N. The corresponding 
BSDE then takes the form 

(1.2) dYt = ZtdMt + dNt-f{t,Yt,Zt)d{M)t-gtd{N)t, Yt = ^. 

^ I Solving (|1.2p now corresponds to finding an adapted triple (Y, Z, N) of processes satisfying 

■ the integrated version of (ll.2p . where iV is a local martingale orthogonal to M. We refer 



to Z • M -|- as the martingale part of a solution to the BSDE (jl.2p . 

BSDEs of type (jl.ip and (jl.2p have found many fields of application in mathematical 
finance. The first problems to be attacked by means of such equations included pricing 
and hedging, superreplication and recursive utility. The reader is directed to the survey 
articles El Karoui, Peng and Quenez 10] and El Karoui, Hamadene and Matoussi and 



the references therein for further discussion. A second large focus has been on their use in 



constrained utility maximization. In a Brownian setting Hu, Imkeller and Miiller jl5l | used 
the martingale optimality principle to derive a BSDE for the value process characterizing 
the optimal wealth and investment strate gy. Their article can be reg arded as an extension 
of earlier work by Rouge and El Karoui [28| as well as Sekine [29|. In related work in a 



semimartingale setting Mania and Schweizer [2l|] used a BSDE to describe the dynamic 



'Corresponding author: mocha@math.hu-berlin.de 

AMS 2010 subject classification: 60H10 

Keywords and phrases: Quadratic Semimartingale BSDEs, Convex Generators, Exponential Moments 

1 



2 



M. MOCHA AND N. WESTRAY 



indifference price for exponential utility. Their stochastic control approach was extended 
to robust utility in Bordigoni, Matoussi and Schweizer 0] and to an infinite time horizon 
in the recent article by Hu and Schweizer 16]. We also mention Becherer (l[ for further 
extensions to BSDEs with jumps and Mania and Tevzadze [i^] to backward stochastic 
partial differential equations. This list is by far not exhaustive and additional references 
can be found in the stated papers. 

With regards to the theory of BSDEs, existence and uniqueness results were first pro- 
vided in a Brownian setting by Pardoux and Peng [26(] under Lipschitz conditions. These 
were extended by Lepeltier and San Martin [l^l to continuous drivers with linear growth 
and by Kobylanski [19l ] to generators which are quadratic as a function of the control vari- 
able Z . The corres pon ding results for the semimartingale case may be found in Morlais 
(3] and Tevzadze [sd]. where in the former the main theorems of (l5| are extended. In 
addition a stability result for quadratic BSDEs may also be found in the recent article by 
Frei UM - In the situation when the generator has super quadratic growth, Delbaen, Hu and 
Bao [7]] show that such BSDEs are essentially ill-posed. 

A strong requirement present in the articles [l9 , 23, [13] is that the terminal condition be 
bounded. In a Brownian setting Briand and Hu [J, [Sj have replaced this by the assumption 
that it need only have exponential moments but in addition the driver is convex in the Z 
variable. More recently, by interpreting the Y component as the solution to a stochastic 
control problem, Delbaen, Hu and Richou 0] extend their results and show that one can 
reduce the order of exponential moments required. 

The present article has two main contributions, the first is to extend the existence, 
uniqueness and stability theorems of 0] and ji^] to the unbounded semimartingale case. 
The motivation here is predominantly mathematical, having results in greater generality 
increases the range of applications for BSDEs. We remark however, that there are addi- 
tional practical applications for the results derived here, e^. related to utility maximization 
with an unbounded mean variance tradeoff, see Nutz [251 ] and Mocha and Westray [23| . 
which provides a second motivation for the present work. 

In order to prove the respective results in the unbounded semimartingale framework 
technical difficulties related to an a priori estimate must be overcome. This requires an 
additional assumption when compared to d and [2i]- As a biproduct of establishing our 
results we are able to show via an example that the stability theorem as stated in 
Proposition 7 needs a minor amendment to the mode of convergence assumed on the 
drivers and we include the appropriate formulation. 

Our second contribution is to address the question of measure change. It is a classical 
result that when the generator has quadratic growth, the solution processes Y is bounded 
if and only if the martingale part Z • M + is a BMO martingale. In the present setting 
such a correspondence is lost, however we are able to show that whilst Z ■ M ^ N need 
not be BMO, see Frei, Mocha and Westray (l^ for further discussion and some examples, 
the stochastic exponential £{q{Z ■ M + iV)) is still a true martingale for q valid in some 
half-line. It is not only mathematically interesting to be able to describe the properties 
of the martingale part of the BSDE but also relevant for applications in an unbounded 
set ting . For instance, the above result has been used in Heyne 13|] to extend the results 



of [15[ and [2j] on utility maximization. Moreover such a theorem may be used in the 



partial equilibrium framework of Horst, Pirvu and dos Reis where the market price of 
(external) risk is given by equilibrium considerations and is typically unbounded. 

The paper is organized as follows. In the next section we lay out the notation and 
the assumptions and state the main results. The subsequent sections contain the proofs. 
Section [3] gives the a priori estimates together with some remarks on the necessity of an 
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additional assumption, Section U] deals with existence and Section [5] includes the compar- 
ison and uniqueness results. In Sections 6 and 7 we prove the stability property as well 
as providing an interesting counterexample. In Section 8, we turn our attention to the 
measure change problem and finally, in Section 9, we give interesting applications of our 
results to constrained utility maximization and partial equilibrium models. 



2. Model Formulation and Statement of Results. We work on a filtered prob- 
ability space {^l,J^,{J^t)o<t<T,^) satisfying the usual conditions of right-continuity and 
completeness. We also assume that J-q is the completion of the trivial cj-algebra. The time 
horizon T is a finite number in (0, oo) and all semimartingales are considered equal to their 
cadlag modification. 

Throughout this paper M = (M^, . . . , M'^y stands for a continuous d-dimensional local 



martingale, where ^ denotes transposition. We refer the reader to Jacod and Shiryaev [l7j 



and Protter [27[ for further details on the general theory of stochastic integration. 

The objects of study in the present paper will be semimartingale BSDEs considered on 
[0, T]. In the d-dimensional case such a BSDE may be written 

(2.1) dYt = ZjdMt + dNt-Vd{M)tf{t,Yt,Zt)-gtd{N)t, Yt = 

Here ^ is an M- valued J-r-measurable random variable and / and g are random predictable 
functions [0, T] xOxMxM'^ R'^ and [0, T] ^ R, respectively. We set !:=(!,..., I)"' G 



The format in which the BSDE (j2.ip encodes its finite variation parts is not so tractable 
from the point of view of analysis. Therefore we write semimartingale BSDEs by factoriz- 
ing the matrix-valued process (M) = (M*, M-^)j This separates its matrix property 
from its nature as measure. This step could also be regarded as a reduction of dimension- 
ality. 

For i,j G {1, . . . ,d} we may write (M*, M^) = C^^ - A where C*-^ are the components of a 
predictable process C valued in the space of symmetric positive semidefinite dx d matrices 



and A is a predictable increasing process. There are many such factorizations (cf. [17| 
Section III. 4a). We may choose A := arctan^^^^^ (|M*)^ so that A is uniformly bounded 

by Ka = 7r/2 and derive the absolute continuity of all the {NP^NP) with respect to A 
from the Kunita-Watanabe inequality. This together with the Radon-Nikodym theorem 
provides C. Furthermore, we can factorize C as C = B for a predictable process B 
valued in the space of dx d matrices. We note that all the results below do not rely on the 
specific choice of A, but only on its boundedness. In particular, if M = is a d-dimensional 
Brownian motion we may choose At = t, t £ [0, T], and B the identity matrix. Then A is 
bounded by Ka = T. 

We let V denote the predictable a-algebra on [0, T] x Q generated by all the left- 
continuous processes. The process A induces a measure fi^ on V, the Doleans measure, 
defined lor E £V by 

fi'^{E):=K [ lE{t)dAt 
Jo 

Given the above discussion the equation (|2.ip may be rewritten as 
(2.2) dYt = ZJ dMt + dNt - F{t, Yt, Zt) dAt - gt d{N)t, Yt = C, 



where again ^ is an R-valued J^T-measurable random variable, the terminal condition, and 
F and g are random predictable functions [0, T] x O x R x R"^ ^ R and [0, T] x $7 ^ R 
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respectively, called generators or drivers. This formulation of the BSDE is very flexible, 
allowing for various applications and being amenable to analysis. 

Starting with ([23]) and setting F{t,y,z) := l^Ctfit,y,z) = 1^ BJ Btf{t,y, z) we get 
(j2.2p . The reversion of this procedure is not so clear, however is not relevant in applications. 

Under boundedness assumptions, existence of solutions to (j2.2p is provided in [24i | via 
an exponential transformation that makes the d{N) term disappear. A necessary condition 
for this kind of transformation to work properly is dg = 0. In the sequel we thus consider 
the above BSDE to be given in the form 

(2.3) dYt = ZjdMt + dNt-F{t,Yt,Zt)dAt-^d{N)t, Yt = ^, 

except in specific situations where a solution is assumed to exist. 

Definition 2.1. A solution to the BSDE ([221), or ([231), is a triple {Y,Z,N) of pro- 
cesses valued in R x M'^ x M satisfying ([22]), or P-a.s. such that: 

(i) The function t Yt is continuous P-a.s. 

(ii) The process Z is predictable and M-integrable, in particular Jq Zj d{M)tZt < +oo 
P-a.s. 

(iii) The local martingale N is continuous and orthogonal to each component of M, i.e. 
{N,M') = for all i = 1,... 

(iv) We have that P-a.s. 

r \F{t, Yt, Zt)\dAt + {N)t < +00. 
Jo 

As in the introduction we call Z ■ M + N the martingale part of a solution. 

In what follows we collect together the assumptions that allow for all the assertions of 
this paper to hold simultaneously. However we want to point out that not all of our results 
require that every item of Assumption 12.21 be satisfied, as will be indicated in appropriate 
remarks. 

Assumption 2.2. There exist nonnegative constants f3 and j3, positive numbers /3f 
and ^ > max(l,/3) together with an M-integrable (predictable) -valued process A so that 
writing 

a := ll-BAlP and \a\i := / atdAt = I XI d(M)t\t 







/ Xld{M)t 
Jo 



we have ¥-a.s. 



(i) The random variable |^| + |a|i has exponential moments of all orders, i.e. for all 
p> 1 



(2.4) E exp(p [1^1 + |a|i 



< +00. 



(ii) For all t € [0, T] the driver (y, z) i— > F{t, y, z) is continuous in (y, z), convex in z and 
Lipschitz continuous in y with Lipschitz constant (5, i.e. for all yi, y2 and z we have 

(2.5) \Fit,yuz)-F{t,y2,z)\<^\yi-y2\. 
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(in) The generator F satisfies a quadratic growth condition in z, i.e. for all t,y and z we 
have 



(2.6) 



\F{t,y,z)\ <at + atm + l\\Btzf. 



(iv) The function F is locally Lipschitz in z, i.e. for all t,y,zi and Z2 

\F{t,y,zi) - F{t,y,Z2)\ < l3f(\\BtXt\\ + \\BtZi\\ + \\BtZ2\\)\\Btizi - Z2) 



(v) The constant (3 in (Hi) equals zero and then we set ca ■= 0. Alternatively, /3 > 0, but 
additionally assume that for all y and z we have 

\F{t,y,z)-F{t,0,z)\<^\y\ 

and that there is a positive constant ca such that At < ca ■ t for all t € [0, T] . 

If this assumption is satisfied we refer to (j2.3p as BSDE^F, ^) with the set of parameters 
(a,/3,/3,/3/,7)- 

Remark 2.3. The above items (i)-(iv) correspond to the assumptions made in and 



[24( 1 . In particular, the BSDEs under consideration are of quadratic type (in the control 
variable z) and of Lipschitz type in y. Item (v) is new and arises from the fact that the 
methods used in 2J| to derive an a priori estimate may no longer be directly applied so 
that an additional assumption is required. We elaborate further on this topic in Section [3l 
Observe that in the key application of utility maximization, cf. (23| . the associated driver 
is independent of y and hence /3 = applies. 

Notice that items (ii) and (iii) from above provide 



(2.7) 



\F{t,y,z)\<at + (3\y\ + p\Btzf, 



for all t, y and z, P-a.s. This is an inequality which does not involve a in the \y\ term on 
the right hand side and which is used repeatedly throughout the proofs. We also define 
the constant 

P* ■=CA-^. 

Before giving the main results of the paper let us introduce some notation. For p > 1, 
S'P denotes the set of M- valued, adapted and continuous processes Y on [0, T] such that 



E 



sup \Yt\ 



0<t<T 



1/p 



< +00. 



The space S°° consists of the continuous bounded processes. An M-valued, adapted and 
continuous process Y belongs to if the random variable 



Y* 



sup \Yt\ 

tG[0,T] 



has exponential moments of all orders. We also recall that Y is called of class D if the 
family {5^1 r G [0, T] stopping time} is uniformly integrable. The set of (equivalence classes 
of) M'^-valued predictable processes Z on [0, T] x satisfying 



E 



T \ P/2- 

Zjd{M)tZt 







i/p 



< +00 



6 



M. MOCHA AND N. WESTRAY 



is denoted by dJV. Finally, stands for the set of M- valued martingales A'^ on [0, T], such 
that 

i/p 



A^ll^p :=IE 



{N)f 



< +00. 



Notice that if the following assumption on the filtration holds the elements of are 
continuous. 

Assumption 2.4. The filtration {^t)te[o,T] 0, continuous filtration, in the sense that 
all local (J-t)(g[o,T]""^ff^^^'^90^6'5 Q^re continuous. 

The following four theorems constitute the main results of the paper. We mention that 
only the existence result requires the assumption of the continuity of the filtration. 



Theorem 2.5 (Existence). If Assumptions \2.^ and \2.4\ hold there exists a solution 
{Y, Z, N) to the BSDE (USD such that Y £ (B and Z ■ M + N e for all p > I. 

Theorem 2.6 (Uniqueness). Suppose that A s sumption \ 2.^ holds. Then any two solu- 
tions {Y,Z,N) and {Y',Z',N') in x Tl^ x M"^ to the BSDE ([23]) coincide in the sense 
that Y and Y' , Z ■ M and Z' ■ M , and N and N' are indistinguishable. 

Theorem 2.7 (Stability). Consider a family of BSDEs(F^ ) indexed by the ex- 
tended natural numbers n > for which Assumption \2.2\ holds true with parameters 
(a", /3", /3, /3j, 7). Assume that the exponential moments assumption (12. 4p holds uniformly 
in n, i.e. for all p > 1, 

< +00. 



supE 

n>0 



eP{iri+l""|i) 



If for n > (y",Z",iV") is the solution in x Tf x M"^ to the BSDE(F'',0 and if 

(2.8) / (s,y°,Z°)(i^ ^0 in probability, as +00, 

Jo 

then for each p > 1 as n 

E ( expf sup jy^" -y^^l ) ) — ^1 and Z"" ■ M + N"" — > Z^ ■ M + in . 

\ \0<t<T 

Theorem 2.8 (Exponential Martingales). Suppose that Assumption \2.2\ holds. let \q\ > 
7/2 andlet{Y,Z,N) € (BxTl'^xM'^ be a solution to the BSDE Then £{q (Z-M+N)) 

is a true martingale on [0, T] . 

Remark 2.9. The preceding theorems generalize the results of [i] and [11] and the 
method of proof is therefore similar. We combine the localization and ^-technique from 0| 
together with the existence and stability results for BSDEs with bounded solutions found 




m 



24i |. Similar ideas are used in jl6l | on a specific quadratic BSDE arising in a robust utility 



maximization problem where the authors also investigate the measure change problem for 
their special BSDE, however here we pursue the general theory. We point out that when 
the BSDE is of quadratic type and |^| + |q:|i does not have sufficiently large exponential 
moments there are examples where the BSDE admits no solution. Thus the results here can 
be considered, in some sense, the best possible. In particular, we present all the theoretical 
background for the study of utility maximization under exponential moments, see [13I ] and 
[2^, as well as partial equilibrium, see 
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3. A Priori Estimates. In this section we show that, under appropriate conditions, 
solutions to the BSDE (|2.2p satisfy some a priori norm bounds. After giving an impor- 
tant result used in the subsequent sections we motivate Assumption 12.21 (v) by showing 
that without such an assumption the method utilized in for the purpose of deriving 
appropriate a priori bounds fails in the present unbounded case. 

Let (y, Z,N) be a solution to (j2.2p . suppose that Assumption 12.21 (iii) and (v) hold and 
that g is uniformly bounded by 7/2. Fix s G [0,T] and set, for t G [s,T], 



Ht := exp 



where we have written (A • M)t := /q XJ. d{M)rXr = /q dAj.. First we show that H is, up 
to integrability, a local submartingale. 
From Tanaka's formula, 

(3.1) d\Yt\ = sgn{Yt){Zj dMt + dNt) - sgn{Yt){F{t,Yu Zt) dAt + 9td{N)t) + dLt, 
where L is the local time of Y at 0. Ito's formula then yields 



dHt = jHte'^'^^-'^ 



sgn{Yt){Zj dMt + dNt) + m\{(^A dt - dAt 



- sgn(y)F(t, Yu Zt) + at + p\Yt\ + | e^'^'~'^ \\BtZt\f) dAt 



+ 



(-sgn(yt) 



9t + -^e 



d{N)t + dLt 



An inspection of the finite variation parts shows that under the present assumptions they 
are nonnegative. In particular, the semimartingale H \s a local submartingale, which leads 
to the following result. 

Proposition 3.1 (A Priori Estimate). Suppose Assumption \2.S\ (iii) and (v) hold and 
assume that the function g is uniformly bounded by 7/2, P-a.s. Let {Y, Z,N) be a solution 
to the BSDE (j2.2p and let the process 

exp(^7e^*^|y| +7^ e^*'' d{X- M)r^ 

be of class D. Then P-a.s. for all s G [0, T], 

" (^je^'^'^-''^\^\+j l\^'^^'-'U{X-M), 



(3.2 



\Y,\ < -logE 



7 



exp 



Proof. Fix s G [0, T] and set H as above. Since H is & local submartingale there exists 
a sequence of stopping times {Tn)n>i valued in [s,T], which converges P-a.s. to T, such 
that -ff^" is a submartingale for each n > 1. We then derive 



exp(7|n|) <E[i/TArJ^.] <IE 



exp 



7e^*(^-)|yTA.J +l£ e^'(^~^^ d{X ■ M), 



Letting n — t- +00 the claim follows from the class D assumption. 



□ 



8 



M. MOCHA AND N. WESTRAY 



Proposition 13.11 provides the appropriate a priori estimate, indeed suppose that |,^| and 
|a|i are bounded random variables and {Y,Z,N) is a solution to (|2.3p . If the current 
assumptions hold and exp(7e'^*"^|y|) is of class D, then Y satisfies 



(3.3) 



\Y\ < 



Comparing with (j3.2p this indicates that the inclusion of Assumption 12.21 (v) allows us to 
prove similar estimates to the bounded case which enables us to establish existence for the 
BSDE (j2.3p when |,^| + |a|i has exponential moments of all orders, to be more precise, an 
order of at least 76^ ^. 



Contrary to the above let us investigate the method utilized in 2j] under Assumption 
(iii) only, supposing that g be bounded by 7/2. We set 



/3(A-A/>.,* \Y,\+jJ e^(^-A'^)=.'- d{X ■ M), 

= J^ardAr- We derive from Ito's formula 



(3.4) 

where (A • M)s^t 



Ht := exp ^76' 
= (A • M)t - (A • M) 



dHt = -fHt e^^^- 



sgn{Yt){ZjdMt + dNt[ 



+ (^- sgn{Yt)F{t, Yt, Zt) + at + atl3\Yt\ + \ e^<^-^^>»-* WBtZtW ) dAt 

+ (- sgn{Yt) gt + ^ e^<^-^-^)-*) d{N)t + dLt 

Once again, the finite variation parts are nonnegative. We conclude in the same way as for 
Proposition 13.11 that the corresponding a priori result holds for H as well. To sum up, we 
have that under a similar class D assumption, now on 



exp 



-a.s. for all s € [0, T], 



(3.5) 



\Ys\ < -logE 
7 



exp 



If /3 = 0, then H from above equals H and there is no difference with the statement of 
Proposition 13.11 However when /? > the estimate (|3.5p is not sufficient for our purposes. 
We aim at using the a priori estimate to show the existence of solutions to the BSDE (j2.3p 
m using an appropriate approximating procedure. If |^| and |a|i are bounded 

random variables there exists a solution {Y, Z,N) to (j2.3p with Y bounded, cf. 2j]. With 
()3.5p at our disposal we then have the estimate 



(3.6) 



\Y\ < 



Our goal is to remove the boundedness assumption and to replace it with the assumption 
on the existence of exponential moments of |.^| + |a|i in the spirit of [H]- However a closer 
inspection of the a priori estimate from (13. 5p together with (13. 6p already indicates that more 
restrictive assumptions are necessary. More specifically, when /3 > we cannot deduce any 
integrability of exp(7e'^l"l^ (|^| + |q;|i)) when |^| and |a|i have only exponential moments, 
this motivates Assumption 12.21 (v). 



QUADRATIC BSDES UNDER EXPONENTIAL MOMENTS 



9 



4. Existence. In the present section we establisli Tlieorem 12.51 together with some 
related results on norm bounds of the solution. The proof of existence follows the follow- 
ing recipe. Firstly we truncate (A ■ M) to get approximate solutions. Then by using the 
estimate from Proposition 13.11 we localize and work on a random time interval so that the 
approximations are uniformly bounded and we can apply a stability result. Finally we glue 
together on [0, T] to construct a solution. The a priori estimates ensure that we may take 
all limits in the described procedure. 

Theorem 4.1 (Existence). Let Assumptions \KE (ii)-(v) and \2.4\ hold and \^\ + \a\i 
have an exponential moment of order je^"^ . Then the BSDE (|2.3p has a solution (y, Z, A^) 
such that 



(4.1) 



\Yt\ < ilogE 

7 



exp 7 e 



Proof. Exactly as in 0] we first assume that F and ^ are nonnegative. For each integer 
n > 1, set 



cj„:=inf<^tG [0,r] 



as dAs > n > A T, 



(A • M)t :-- 

:= ^ A n, X2 := l{t<an}Xt and F"(t, y, z) := \t<^^}F{t, y, z). Then satisfies Assump- 
tion [22] (ii)-(v) with the same constants, but with the processes A" and a" where 



«r := ll-SfAriP = \t<a.n]\\Bth\ 
In particular, |a"|i = J^" Ug dAs < n and 



{\^yd{M)tX} 



\BtXlfdAt 



|a"|i < n, 



so we may apply [2j] Theorem 2.5 and Theorem 2.6 to conclude that there exists a unique 
solution (V",Z",iV'') G 5°° X 971^ X ^^le BSDE where F is replaced by F" 

and ^ by From Proposition 13 . 1 1 we derive 



m < 



logE 



exp 76 



J*{T-t),.n 



(4.2) 



< -logE 

7 



< - logE 

7 



exp 76 



J*(T-t) 



1^1 +7^^e^*(^-*)d(A-M) 



exp 76' 



+ \ct\ 



--■■Xt. 



Let n < m so that then we have cr„ < am and < l|t<o-„}- In particular, S,^ < 

and F^ < F"^, from which we deduce that the current assumptions, hence the corre- 
sponding assumptions in 2J], hold for both F"' and F"^ with the same set of parameters 
{a^'', 13, 13, 13f,^) where the additional cg in [2j] is equal to m. An application of Theorem 
2.7 therein now shows that y" < so that (y")n>i is an increasing sequence of bounded 
continuous processes. 
Let A: > 1 be a fixed integer and 

Tfc := inf |t G [0, T] Xt > k or (A • M)t > A;| A T. 
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Thanks to the continuity of the filtration the martingale exp(7X) is continuous so that 
the random variable 

V := max iXt) V (A • M)t 

tG[0,T]^ ^ 

is finite P-a.s. We derive that P-a.s. = T for large k. Due to (j4.2p the sequence (Y"''^)n>i 
given by 

is uniformly bounded by k. For the martingale parts we define 

Z^^^ := l|,<.,}Zr and N^^' := \t<r,}Nr. 
An inspection of the respective cases shows that 



T 

n,k\ 

s ■ 



Moreover, YJ^^ > sup^->i 17? =: Cfci where is bounded by k. Next we appeal to the 

stability result stated in [2J| Lemma 3.3, noting Remark 3.4 therein. Note that this result 
requires estimates that are uniform in n which is accomplished by the specific choice of the 
stopping time r^. Hence {y^'^ , Z"^'^ , N"^'^) converges to {Y°^<k ^ z°°'^ ,N°°'^) in the sense 
that 

lim E( sup |y^".'=_y^°°.fe| I = q. 



n— >+oo 



, 0<i<T 



liin e(^^ (^Z'^''' - Zf^^y d{M)s[z'^'^ - Zf^^ 



and 

2 

hm E 

rt— >+oo 

where the triples (y°o.fc^ Ar°o.fc) solve the BSDE 



0, 



- l{t<.jF(t, ^r'') dAt - 1 d{N^^%, y-'*^ = 6, 

on the random horizon [0, t;^.] C [0, T]. The stopping times Tk are monotone in k and 
therefore it follows that 

-i/-n,k+l -^^n.,k -, rrn^k+l ryn,k j -, i^jn^k+l T\Tn,k 

^tATfe = ' l{t<rfc}^i = and \t<rk}N^ =N^' , 

so that the above convergence yields (for the two last objects in 7W^) 

i^i^r' = yr', ((i{*<r,}^~''+') • m) = (z^'' ■ m) and iit<r,}Nr'^' = Nr'. 
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11 



XT 



oo,k 



k>2 



oo,k 



k>2 



and Nt := l{t<r^}Nr' + Y.^ 



oo,k 



k>2 



By construction this gives a solution to the BSDE 



dYt = ZJ dMt + dNt - F{t, Yt, Zt) dAt - - d{N)t, Yt = 

since l{t<Ti} + J2k>2 \te}Tk-i,Tk}} = -'-{te[o,T]} IP-a.s. More precisely, there is a P-null set 
such that for all a; € CR^ there is a ko{uj) with Tf,^(^ui){^) = ^ a,nd such that y_^^^^(a;) = £,k{^) 
for all k, which yields that (possibly after another modification of 

Yt{u;) = Y^^'^^'^^u) = Ckoi.){u;) = supFf (a;) = Ci^). 

n>l 

The bound in (j4.ip holds as we have it for all n and k from (j4.2p . 

In the case when ^ and / are not necessarily nonnegative, we proceed as in by using a 
double truncation defined by ^"'"^ := An — A m, A"'™ := l{j<o-^}A+ — l{t<o-„}A~ and 
F"'-:=1|,<,4F+-1|,<,„|F-. □ 

As an immediate corollary we deduce 

Corollary 4.2 (Norm Bounds). 

(i) Let Assumptions \2.^ (ii)-(v) and \2.4\ hold and \£,\ + \ct\i have an exponential moment of 
order 6* > 76^*^. Then the BSDE ([23]) has a solution {Y, Z, N) such that e^^ G S^* 



for p* :- 



-ye 



> 1. 



When additionally \^\ + |a|i has exponential moments of all orders, i.e. Assumption 
\2.2\ (i) holds, this solution is such that Y £ <t. In particular, for each p > 1 we have 
the estimate 



(4.3) 



E 



< 



P 



p — 1 



E 



exp( p7e^ ^( ICI + |a|i 



(a) Let Assumption \2.S\ (i)-(iii) and (v) hold and suppose there exists a solution (y, Z, N) 
to the BSDE such that F G Then {Z, N) e x MP for all p > I, more 

precisely 



(4.4) 



E 



Zjd{M)sZs + d{N))j 



p/2- 



exp^4p7e'^*^(^|C| + |a|i^^ 



where Cp^^ is a positive constant depending on p and 7. The estimate (j4.3p then holds 
as well. 

Proof, (i) Let {Y,Z,N) be the solution to (p^ obtained in Theorem liTl As in the 
previous section set 

(4.5) 



Ht := exp (^je^''\Yt\ + 7 ^ e^*" d{X ■ M),^ 
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which is a local submartingale. Moreover, from the estimate (|4.ip . Jensen's inequality and 
the adaptedness of Jq ^ d{X ■ M)r we deduce that 



exp(7|yt|)] exp(^7 £ e^*'' d{\ ■ M), 



< E 



< E 



exp ( 7e^*(^-*) \i\ + 7 e^*^"^*^ ^^(A • M), 
exp(^7e^*^(|e| + |a|i)) 



exp (^7^ e^*"d(A-M),^ 



Observe that this upper estimate is a uniformly integrable martingale, in particular it is of 
class D and therefore H \s a. true submartingale. Then, via the Doob maximal inequality, 
we find that for p > 1 



E 



< E 



sup Hf 



0<t<T 



(4.6) 



< 



< 



p 



p-i 



E 



exp( p7e^*^( 1^1 + |a|i 



provided the right hand side is finite. In particular, e'^^ G S^* and y € ^ as soon as 
+ has exponential moments of all orders, in which case (j4.3p holds. 

(ii) We first verify that (14. 3p continues to hold when (Y, Z, N) is a solution to ()2.3p 
(assumed to exist) with y € Observe that we may reformulate the result of Proposition 
13.11 under the condition that 



expf 7e^*^|y| +7^ e^*^d(A-M), 



be of class D. Repeating the argument from (i) using (13. 2p instead of (14. ip leads to the 
same conclusion, since we have the relation 



exp(^7e^**|yt| +7^ e^*^ d(A • M)^ j < 



E 



exp I 7e''*^( y* + \a 



so that the right hand side is indeed a process of class D. For the remaining claim, relation 
(14. 4p . define the functions n, f : M ^> M+ via u{x) := -^(e^^ — 1 — 7x) and v{x) := u{\x\). 

We have that ?; is a function, so we use Ito's formula to see that for a stopping time r 
(to be chosen later) 



/■tAr 

viYo) = v{Yt^r) - / n'(|y,|) sgn*(y,)(Zj dM^ + dN^ 
Jo 

i-tAr 

+ 



u'{\Ys\) sgn*{Ys) iF{s, Y^, Z,) dA, + - d{N), 



1 



tAr 



u"{\YMZ]d{M)sZs + d{N)s]^ 
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where use the notation sgn*(a;) := — l{^.<o} + l{x>o} observe that u'{0) = 0. Assumption 
(iii) yields 



tAr 



v{Yo) < v{YtAr) - / u{\Ys\) sgn*{Ys){Zj dM, + dN^ 



+ u'{\Ys\)(as + asm\)dAs + -j^ (ju' {\Ys\) - u" {\Ys\))zl d{M) ^Z, 



1 

+ 2 



tAr 



u'{\Ys\)sgn*{Ys)-u"{\Y,\)]d{N)s, 



since u'{x) = ^{e^^ — 1) > for x > 0. Using the relation ju'{x) — u"{x) = —1 together 
with 7 > 1 it follows that 



tAr 



< v{Yo) < v{Yt;,r) - / u'{\Ys\) sgn*{Ys){Zj dMs + dN^ 



(4.7) 



+ u'{\Ys\)[as + asm)dAs--j^ Z] d{M) sZs + d{N) s. 



Suppose first that p > 2. Then (j4.4p can be proved using the Burkholder-Davis-Gundy 
inequalities as follows. From (j4.7p we deduce that 

1 r Z] d{M)sZs + d{N)s < \ eT^' + - r e^l^''! fa, + a./3|y.|) dAs 

2 7o T 1 Jo ^ ' 



+ sup 

0<t<T 



v!{\Y,\) sgn*(y,)(Zj dM, + dN, 



where we used the estimates < e^^ and v{x) < valid for x > 0. From the 

inequalities y < — 1 and /3 < 7 we derive 

ZJ d{M),Z, + d{N),y' < 2^2-2 1^ J_ ^p/2,y + _^ ^p.y. |^|P/2 



sup 

0<t<T 



tAr 



n'(|y,|)sgn*(n)(Zj(iM, + dNs 



p/2' 



which yields, after taking expectation and applying the estimate < e^/^'^l and the 

Burkholder-Davis-Gundy inequality, 



E 



p/2 



Zjd{M)sZs + d{N)s] 



+ Cp,^ E 



gP/2 7y* _^ ^PlY* ^p/2'y\a\i 



3'^^^^^(^Zjd{M),Zs + d{N), 



p/A 



where we used the estimate u'{x) < e^^/j for x > 0. Note that in the above and in what 
follows Cp^-y > is a generic constant depending on p and 7 that may change from line 
to line. We apply the generalized Young inequality, |a6| < + for e := 1 and for 
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£ := Cp_-y. Then, after an adjustment of c- 



E 



Zld{M)sZs + d{N), 



p/2 



< C 



■p,7 



Cp^'-y IE 



E 



+ -E 
2 



+ -E 
2 



oP7|a|i 



+ -E 
2 



Zjd{M)sZs + d{N), 



p/2 



< Cp^j ( E 



+ E 



o2p7|a|i 



+ -E 
2 



p/2- 



Next define, for each integer n > 1, the stopping time 



r„ :=inf<^t G [0,r] 



Inserting r„ into the above calculation and using + e** < 2e"'~^'' for a, 5 > together with 
), we may rewrite the last estimate as 



(4.8) 



E 



\ p/2' 



Zjd{M),Z, + d{N),j 



< Cp^^ E 



exp(2p7e''*^( |C| + |a|i 



By Fatou's lemma, since r„ — )■ T as n +oo. 



E 



T \ p/2' 

Z]d{M)sZs + d{N) 



< Cp^j E 



exjp\2p-fe^*'^(\^\ + \a\ 



and (14. 4p follows. In the situation where p < 2, q := 2/p > 1 and we may combine Jensen's 
inequality with (|4.8p . which is valid for p = 2, to get 



E 



Zjd{M)sZs + d{N), 



p/2' 



< E 



Zjd{M)sZs + d{N), 



< C27E 



exp(47e^*'^( 1^1 + |a|i 



from which (|4.4p follows after another application of Fatou's lemma together with the fact 
that the right hand side in the inequality above is greater or equal one while 1/q = p/2 < 
1. □ 



Remark 4.3. We point out that the results of this section do not require that F be 
convex in z, but only that F be continuous in (y, z). The reader may have noticed that the 
continuity of F is not used directly in the proofs. However in Theorem 14. II we rely on the 
results of [2J] where continuity is a technical condition needed for an application of Dini's 
theorem. In addition our results also apply to the BSDE ()2.2p if g is identically equal to a 
nonzero constant 7^/2, in which case we assume without loss of generality that 7 > \^g\. 
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5. Uniqueness. We now provide a comparison theorem that yields uniqueness of the 
BSDE triple. The proof makes use of the ^-technique applied in the context of second 
order Bellman-Isaacs equations by Da Lio and Ley ^ and subsequently adapted to the 
framework of Brownian BSDEs in . 

Theorem 5.1 (Comparison Principle). Let {Y,Z,N) and {Y',Z',N') be solutions to 
the BSDE (j2.3p with drivers F and F' and terminal conditions ^ and ^' , respectively. 
Suppose in addition that 1" G ^ and Y' € ^. IfT-a.s. 

C<^' and F{t,y,z) < F'{t,y,z) for all {t,y,z) e [0,T] xRxM!^ 

and if {F,S^) satisfies Assumption \2.S\ (i)-(iii) then P-a.s. for each t G [0,T] 

Yt < Yi 

Proof. Let d ha & real number in (0, 1) and set IJ := Y - 6Y' , V := Z - 6Z' and 
W := N — 9N' . Consider the process 



Ps 



^ iiUs = 0. 



By Assumption 12.21 (ii), p is bounded by /3 and we define Rg := Jq Pr dAr. Notice that by 
the boundedness of A we have that < P At < PKa- From Ito's formula we deduce 



Ut - {V] dMs + dWs) + [f^ dA^ + ^ (d(iV), - 9 d(iV').) ) , 



where we define := F(s, Y^, Z,) - 9F'{s, Y,', Z'^) - p^Us- We also set 

AF(.) := {F-F'){sX.Z',)<^ 
and observe that from the convexity of F in z together with ()2.7p we get 

F(., y;,z,) - 9F{s, y;, z',) = f y;, 9z'^ + (i - e)%^) - eF{s, y;, z',) 
(5.1) < (1 - 9)f[s, y:, ^y^) ^ (1 - ^)«- + (1 - + ^(rre) "^^^^ 



2 



Another application of the Lipschitz assumption 12.21 (ii) , yields 
F{s,Ys,Zs) - F{sX,Zs) = F{s,Ys,Zs) - F{s,9Y^,Zs) + F{s,9Y^,Zs) - F{sX,Zs) 

= psUs + F(s, 9Y^, Zs) - F{s, y;, Zs) 

(5.2) < psUs + {1 - 9)'^\Y^\. 
Combining (|5.ip and (j5.2p we see that 

= F{s, Ys, Zs) - 9F{s, y/, Zi) + 9 AF{s) - p^Us 

= [F{s, Ys, Zs) - F{s, Y^, Zs)] + [F(s, Y^, Zs) - 9F{s, Y^, Z's)] + 9 AF{s) - psUs 

(5.3) < (1 - ^) (as + 2^|y;|) + ^^^^ WBsVsf + 9 AF(.). 
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Let K := "^^^^i^^^) y Q j^j-^jj .— Qxp^Ke^^Ut) > 0. The logic is now similar to how we 
derived the a priori estimates, namely to show that, by removing an appropriate drift, P 
is a (local) submartingale. By Ito's formula, for t € [0,T], 

II R l|2 1 ^ 



(5.4) Pt = PT- KP,e«= {VJ dMs + dWs) + ^ KP,e«^ (^Ff - ^ psV^ f ) dA 

(5.5) + A^P,e«= ( - ^ d{W)s + ^ ((i(iV), - 6 d{N'),) ) . 
To simplify notation set 

(5.6) G := KPe^ (^F^ - ^ \\BV\\^^ and 

(5.7) if := ^ KP,e«= ( " ^ + ^ (^^^)- " ^ ^^^'^0 ) " 

Let us first investigate the finite variation process H. We claim that H is decreasing, indeed 
for all r, ti G [0, T], r < n, we have 

d{W)s= [ d{N)s-2ed{N,N')s + e^d{N'),. 

J r 

Applying the Kunita-Watanabe and Young inequalities, 

/u fu fu / fu \ 1/2 / pu \ 1/2 

d{W),> j d{N)s + J e^d{N')s-2eU d{N)s] U d{N') 

/u ru / pu pu 

d{N)s + J e^d{N'),-eU d{N)s + d{N') 

= (1-9) d{N)s-ed{N')s^ . 
In particular, since 7 > 1 and < (3Ka we have. 



Ke^'d{W)s > J d{W)s > J d{N)s-ed{N')s, 

which shows that the process H is decreasing and hence the integral in (jS.Sp is nonpositive. 

Next we consider the finite variation integral in (|5.4p . Combining (|5.3|) . AF < and the 
boundedness of R we have 

F"-^ II win <KPe^ ((l-e)(a + 2^|y'|)) < PJ, 

where _ 

J ■=-fe'^f^^^(a + 2P\Y'\^ > 0. 

We set 

ft 



Dt := exp \^J^ Js dAsj and Pt := DtPt. 
Partial integration yields 

dPt = Dt(^-Gt dAt - dHt + KPte^* (y/ dMt + dWt)^ + PtDtJt dAt 
(5.9) = A ({PtJt - Gt) dAt - dHt + KPte^' (F/ dMt + dWt] 
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and we conclude that the finite variation parts in the latter expression are nonnegative. 
We can now use the following stopping time argument to derive 



(5.10) Pi < E 

Namely, consider the stopping time 



Dt 



Tn := inf<^ n G [t,T] 



e2Rs ( vj d{M)sVs + d{W)s ]>n\^T, 



where n > 1 is an integer. Observe that r„ — t- T as n ^> +oo due to the integrability 
assumptions on a, Y and Y\ as well as the boundedness of A. Then (15. 9p provides the 
estimate 



R <E 



exp 



E 



exp / 7e2/5^^ (as + 2p\Y^\] dA^ P,, 



In view of the current integrability and boundedness assumptions we can send n to infinity 
and deduce (I5.10p . 

Notice that we also have i - 6^' < (1 - 6)\e, \ + OA^, where := ^ - ^' < 0. Then 
together with the definition of P (j5.10p shows that 



exp I 



^ - {Yt - OYl) 



1 



< E 



< E 



exp ( / 7e2/3^^ (as + 2p\Y^\) dAs ) exp(Ke^^ - 0^')) 



expf 76^^^^ / (as + 2/5|y;|) dAs ) eicpUe^^^^\^\ 



Thus, we can derive the estimate 
1 



Yt - OYl < 



7 



logE 



exp 76 



1^1+ / [as + 2(3\Y^\]dA 



which follows from the above by checking the cases Yt—OYl > and Yf—OY^ < separately, 
noting that R + PK^ > 0. Once again, by the integrability assumptions on ^, a and Y' and 
the boundedness of A, the conditional expectation on the right hand side is finite, P-a.s. 



Taking 6 '[ 1 then gives Yt <Y/ and the continuity of Y and Y' yields the claim. 



□ 



The following corollary is then immediate. 

Corollary 5.2 (Uniqueness). Let Assumption \2.^ (i)-(iii) hold and let {Y,Z,N) and 
{Y',Z',N') be two solutions to the BSDE ([O]) with Y e <B and Y' e £. Then Y and 
Y' , Z ■ M and Z' ■ M , and N and N' are indistinguishable. In addition (Z ■ M, N) and 
{Z' ■ M, N') both belong to x for aUp>l. 
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Proof. By Theorem 15.11 and Corollary 14.21 (ii) only the assertion regarding the indis- 
tinguishability of the martingale part remains. Ito's formula gives P-a.s. 

= (Ft - Y^f = (Yo - Y^f + 2 (Yt - y/) diYt - y/) 

Jo 

+ / {Zt-Z',yd{M)t{Zt-Zl) + d{N-N')t 
Jo 

= [ {Zt - ZiY d{M)t{Zt - Zi) + d{N - N')t, 
Jo 



from which Z ■ M = Z' ■ M and N = N' . 



□ 



6. Stability. It follows from the previous results that the BSDE (12. 3|) has a unique 
solution in (£ under appropriate Lipschitz and convexity assumptions on the driver F and 
an exponential moments condition on the terminal value ^ and process a. In the present 
section we show that a stability result for such BSDEs also holds. More precisely, given a 
sequence of terminal values and a sequence of drivers such that the exponential moments 
condition is fulfilled uniformly, and such that they both converge to a fixed terminal value 
and a fixed generator in a suitable sense, then we gain convergence on the level of the 
respective BSDE solutions. 



Theorem 6.1 (Stability). Let {F"')n>o be a sequence of generators for the BSDE 
such that Assumption \2.S\ (ii)-(iii) and (v) hold for each with the set of parameters 
(a",/3",/3,/3j,7). If {i^)n>o the associated random terminal values then suppose that, 
for each p > 0, 



(6.1) 



supE 

n>0 



pp(iri+i""ii) 



< +00. 



Let (y", Z", A^") be the solution to the BSDE (|2.3p with driver F"' and terminal condition 
C"- such that y" G £ for alln>0. If 

(6.2) / If"" - F°\{s,Y^,Z^)dA, ^0 in probability, asn^+OG , 

Jo 

then for each p > 0, 



lim E 



hm E 

n— j'+oo 
rT 



exp sup |y"-yt°| 

\0<t<T 



1 and 



^ (Z^ - Z^yd{M)s{Z^ - ZO) + rf(iV" - AtO),^ 



p/2 



0. 



Remark 6.2. Let us briefly indicate how our present stability theorem differs from 
those in the literature, ll| Theorem 2.1 and 2j| Lemma 3.3. The key points are that 



firstly in our conditions the parameters q" and /S" are allowed to depend on n, whereas in 
(ll| and 24 1 they are assumed independent of n. Secondly, we assume a uniform exponential 
moments condition, as opposed to a uniform boundedness condition in the cited references. 
Finally, in the unbounded setting we require the mode of convergence assumed above, this 
is in contrast to the bounded setting of ll[ Theorem 2.1 where the weaker notion of 
pointwise convergence is sufficient for a stability result to hold. 
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Proof. Note that Assumption 12.21 (i) holds for each n thanks to (|6.ip . Exactly as in 
the statement of Corollary 14.21 we deduce that for each p > 1 



supE 

n>0 



P / pT \ P/2 



expf sup^|y,"|jj {Z2yd{M),Z2 + d{N-%^ 



< +00. 



Hence the sequences in n of random variables 

^exp ^^sup^ |y," and (^"^(^D^ d{M),Z2 + d(iV").) 

are uniformly integrable for all p > 1. By the Vitali convergence theorem, it is thus sufficient 
to prove that 

sup \Yr -Y,'\+ fiZ^ - Z'iY d{M),{Z^ - + d(iV" - N^)s 

0<t<T Jo 

in probability when n tends to infinity. 

We split the proof into four steps. The first two steps construct one-sided estimates 
for the difference of and Y^ proceeding very similarly to the proof of the comparison 
result. In the third step we combine the aforementioned estimates to show that Y"' — Y^ 
converges to zero uniformly on [0, T] in probability, i.e. in ucp. Finally, we use this result 
to show the required convergence of the martingale parts. 

Step 1. First fix 9 € (0, 1) and n > 1 and proceed in the same way as in the proof of 
Theorem 15. II bv defining the same objects [/, V , W, p, R, , k, P, G, and H, subject to the 
following modification. All the objects X' G {Y' , Z', N', F'} with a prime ' are replaced by 
the respective object with a superscript 0. All the objects X € {Y, Z, N, F, a} without 
a prime are replaced by the respective object with a superscript n, e.g. U := — 9Y^. 
We observe that the above objects depend on n however we omit this dependence for 
brevity. In addition set A"F(s) = (F" - F^){s,Y^°, Z^). From ([O]) and 

G<KPe^ ({l-e)(a'' + 2P\Y^\) +^A"F 



\ 1 — a J 1 — a 

where, consistent with our modification, 

jn ._ ^^WKa ^^n ^ 2^|y0|) > 0. 

Considering 

D'l := exp (^j^ J^dAs^ and := 
and applying partial integration yields 

dP^ + Te'^^^P^i ^ dAt = A" dPt + Pt dD^ + ^e^^^^Pf—^ dAt 



Dl 
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We conclude that the finite variation parts in the last expression are nonnegative. We now 
use the stopping time argument from the proof of Theorem 15.11 to derive 



(6.3) 



Pt < D'^^Pt < E 



2I3KA f-T 



From the boundedness of p and the definition P = exp(Ke^C/) we derive, for s S [0, T], 



Ps < sup 

0<t<T 



exp 



76 



1 



Pt < exp 



76' 



1 



76 



2I3Ka 



1 



=: T"(0) and 



Using the boundedness of p, the inequalities log(x) < x, ()6.3p and 1 < < we then 
find 



:i - 0)|yiO| + exp{-l3KA - Rt) \og{Pt, 



(6.4) 



<{i-e)\Y^\ + 



1 



■E 



D?X"(^) + 



76 



2/3 



1 



L>^T"(6') / |A"F(s)|d^ 



S'tep 2. With regards to the converse inequality we proceed as in the proof of Theorem 
IS.ll again. We define the same objects U , V, W, R, , k, P, G, and H but now subject to 
the following modification. All the objects X' € {Y' , Z', N', F'} with a prime ' are replaced 
by the respective object with a superscript n > 1. All the objects X G {Y, Z, N, F, a} 
without a prime are replaced by the respective object X^ with a superscript 0, e.g. U := 
Y^ — OY"^. Moreover, we define p differently, namely, 

_ F^{s,Y,^,Z^)-F^{s,Yr,Z^) ^ 
This ensures that \p\ < (3 still holds and 

0F"(s,y°,z,") - eF''{s,Yp,z'^) = p{6Y^ - ^y") < ^(i - e)\Y^\ + psUs. 

Using the convexity of F", the estimate ()2.7p and the same definition of as in Step 
1 we derive 



< |A"F| + (1 - ^)(a" + 2(3\Y''\) + 



7 



so that the following inequality holds 



G<762^^^P(a" + 2/3|y'^| + 



2(1-0) 



|A"F| 

1-e 



\BV\ 



Observe that this is the same estimate on G as that obtained in Step 1. Thus we may 
rewrite (16.411 as 



(6.5) 



Yr-Yr<{i-e)\Yn + 



■E 



76 
T 



L»^T"(0) / |A"F(s)|(iA, 
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where J" and thus D"", T" and x"(^) ^-^e as in Step 1, as weh. 

Step 3. Let us now prove that (supo<f<2^ \ Yf^ — y^*^]) ^^^ converges to zero in probability. 
Summing up (j6.4p and (j6.5p we deduce 



\Yr-Yi>\<{i-e){\Y,'\ + \Yn) + 



■E 



7 



+ e 



20 K A £ 



Applying the Doob, Markov and Holder inequalities, we deduce the existence of some 
nonnegative constants ci, C2, independent of 9, as well as 03(6) such that, for e > 0, 



sup |y,"-y,o|>e 



0<t<T 



<P((1-^) sup (\Yl'\ + \Yt''\) >-] + F{- — - sup E 

V 0<t<T 3 / \ 7 o<t<T 



+ P e^f^^^ sup E 

\ 0<t<T 



T 



3(1-0) 
< -i ^E 



sup {\Y^\^\Y^\) + 

0<i<T 



3(1 



£7 



D'^T\Q) J |A"F(s)|d^ 
^E[D?x"(^)] 









> 


i) 


















> 


i) 



+ E 



L'?T"(e) /^|A"F(s)|d^ 
^0 



(6.6) 



< 



ci(l 



+ 



C2(l 



■E[x"(0)2]^/' + ^ 



E 



[A"F(s)|dA 



1/2 



where the latter inequality is due to the fact that, by our assumptions, the sequences 
(supo<t<T + \Yr\))n>v {D^)n>i and (T-(e))„>i are bounded in all LP(P) spaces, 
p> 1. In addition, we used that 

|A"F(s)| < |F"(s,y,o,zO)-F"(s,0,zO)| + |F"(.,0,zO)| + |FO(.,0,zO)| 
(6.7) + |FO(s, y,o, ZO) - fO(., 0, Z^)] < 2^\Y^\ + + a" + 7l|i?.^°f , 

which implies that for all p > 1 f | A"F(s) | dA^ is uniformly integrable due to (j4.4p and 



(j6.ip . Hence, the Vitali convergence theorem and (j6.2p imply that |A"F(s)| — > in 
all L^{¥) spaces. Observe that x^{0) converges in probability to exp^7e^^^'* l.^*^!^ as n goes 
to infinity. This convergence is also in all LP(P) spaces because of the Vitali convergence 
theorem and our uniform integrability assumption on (^")n>i- More precisely, for all p > 1, 
we have 



supE[x"(0)^] < supE 

n>l n>l 



< supE 

n>l 



exp 



/2p7e^ 

I i-e 





1/2 






E 


exp|^ 



1/2 



< +00. 
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From (j6.6p we then deduce that for aU ^ E (0, 1) 



hmsupP I sup \Yr -Y^^\>e\< ^liLJl + MLJl e 



e 



exp(27e2^^^|^o 



1/2 



We then send to 1 to conclude that 



hm P sup lY^'' -Yl^\>e] =0. 

n^+oo \o<t<T J 

Step 4- Let us now turn to the last assertion of the theorem. We derive from Ito's formula 
that 



E 



/ {Z'^ - Z'^y d{M)s{Z^ - Zl) + d(Ar" _ ivO) 

(^n_^0)2^2 sup \Y^-Y^\ - f \F^{,s,Y:,Z^^)-F\s,YlZ%dA, 

0<t<T Jo 



10 

< E 



+ E 



sup lYl'-Y^^l 



0<t<T 



after observing that the local martingale arising therein is in fact a true martingale thanks 
to the present integrability assumptions, cf. CoroUarv 14.21 By (\2.7\i . 

\F^is,Yr,Z^)-F'{sX,Z',)\<a^ + a',+Ws''\+Ws\ + l\\BsZn' + l\\^^^^ 

Applying Holder's inequality, the formula (j4.4p and the condition (|6.ip we recognize (the 
expectation of the squares of) the integrals from the right hand side above as uniformly 
bounded (in n). The result now follows from the fact that — > and that by Steps 1-3 
(supo<t<y \ Yp — y^*^!) — > in L^(P). To sum up, we conclude in particular that 



riZ- - Zy d{M),{Z^ - ZO) + d{N- 
Jo 



as n — )■ +00. 



□ 



Remark 6.3. As previously discussed the sense of convergence given here differs from 
that in where the pointwise convergence of the drivers is assumed, namely 



(6.8) 



//^-a.e. for all y and z we have lim F"'{-,y,z) = F^(-,y,z). 



We provide an example in the next section showing that this condition is not sufficient in 
the present setting so that the statement of 0] Proposition 7 needs a small modification. 

7. Stability Counterexample. Suppose our filtration is the augmentation of the 
filtration generated by a one dimensional Brownian motion W so that we may set At = t 
and B = 1. The measure fi^ now becomes the product of P and the Lebesgue measure on 
[0,T]. In this setting BSDEs take the following form 



(7.1) 



dYt = ZtdWt-F{t,Yt,Zt)dt, Yt = C. 



A solution now consists of a pair (Y, Z) such that Y has continuous paths, Z is a predictable 
VF-integrable process with f^^ Z| dt < +00 P-a.s., Jq \F{t, Yt, Zt)\ dt < +00 P-a.s. and such 
that dZlI holds, P-a.s. 
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Suppose our condition 

Jo 

is replaced by ()6.8p . i.e. converges to pointwise {t, (x>)-almost everywhere on [0, T] xO, 
where the n^-mill set does not depend on (y, z). One may ask whether this is sufficient for 
Theorem 16.11 to hold, in particular if 

(7.2) sup \Yr-Y,^\^0. 

0<t<T 

We now present an example to show that this is in fact not the case. The example resembles 
the standard counterexample to the dominated convergence theorem and shows that such 
a stability statement (under the present assumptions) already fails to hold in an essentially 
deterministic situation. 

Consider T > 1 together with parameters = = = 0. Then all the assumptions 
in 0] and in the present paper are satisfied and the unique solution to the BSDE (j7.ip 
with parameters (F^,^^) is given by {Y^,Z^) = 0, up to appropriate null sets. 

Furthermore, for integers n > 1, define the terminal values ^" = and drivers 

Observe that does not depend on y or on z and is constant in cj, hence deterministic. 
In particular la"]! = /q a" = 1, independently of uj and n, which shows that again all 
the assumptions in and in the present paper are satisfied by each pair (F",^"). 

The unique solution to the BSDE (j7.1|) with parameters (-F",^**) is given P-a.s. by 
Z" = 0, more precisely the zero element in L^([0,T] x Q), and 

yr = (i-nt)-i[o,i]xn(*>-), 

which follows from 



dY/" = -n-li 



0,1] xf7(*' •) dt = -F^{t) dt, Y^ = = e, 



together with the P-a.s. continuity of y". We deduce that Y"' is nonnegative, nonincreasing 
and that Y^ = 1, independent of n, P-a.s. 
It follows that, P-a.s. for all n > 1, 



sup |y--FO| = yo" = i, 

0<t<T 



from which trivially 



(7.3) lim sup |y"-yj°| 



-a.s. 



n— >+oo 



However, by construction, lim„_^+oo F"' = = F on (0, T] x ft, hence /x^-a.e. indepen- 
dently of y and z, so that (|6.8p holds. Since (j7.2p and (j7.3p cannot hold simultaneously, 
the condition in (j6.8p is not sufficient for a stability theorem to hold under the present 
assumptions. We remark that this phenomenon is not dependent on the non differentia- 
bility of the paths of the as one can choose -F" to be arbitrarily smooth in t. Indeed, 
independent of lo, take a smooth nonnegative function on [0, T] that is identically zero on 
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(^,r] and integrates to one over [0, T]. The corresponding y" in the BSDE sohition are 
smooth in t and lead to the same contradiction. 

The problem arising in the proof of 0] Proposition 7 can be observed from equations 
(j6.6p and (j6.7p . More specifically, the authors require L^(P)-convergence of the random 
variables Jq \A.'^F{s)\ds however they only dispose of an estimate on the product space 
[0, T] X O of the form 

|A"F| < 2^|y°| + q" + a° + 7||Z°f , 

together with uniform integrability assumptions that are on the level of il, with the t- 
component integrated away. There is no guarantee that the pointwise convergence of lA"'^! 
on the product space [0, T] x Q will transform to pointwise convergence of the integrals 
/q |A''F(s)| ds on n, which is necessary to utilize the uniform integrability assumptions. 
This is the insight behind the present example and motivates the modified condition. 

We now move on to look at whether the martingale part of our BSDE solution determines 
a change of measure. 

8. Change of measure. In this section we show that under the exponential moments 
assumption the martingale part of a solution (Y, Z, N) to the BSDE ()2.2p defines a measure 
change. In particular, we do not need to show that Z ■ M + N is BMO, which is a stronger 
statement that may indeed not hold, see [13] for some examples and related discussion. 
Here we do not require that the driver F be convex in z. Our proof is based upon Kazamaki 



181 ] Lemma 1.6 and 1.7 which we state here for martingales on compact time intervals. 



Lemma 8.1 ( 18|] Lemma 1.6 and 1.7). If M is a martingale on JO,T] such that 



(8.1) sup E 

r stopping time 
valued in [0,T] 



exp(^r?M, + Q-r?^ (M),^ 



< +C!0, 



for a real number rj ^ 1, then £ yr] Mj is a true martingale on [0, T] . Moreover, if condition 
()8.ip holds for some r/* > 1 then it holds for all r] € {l,r]*). 

We deduce the following result. 

Theorem 8.2. Let Assumption \2.S\ (Hi) hold, q he a real number with \q\ > 7/2 and 
{Y, Z, N) a solution to the BSDE ([221) such that, g is bounded by 7/2, Y € ^ and Z-M + N 
is a martingale. If f3 > we also require that Y*\a\i has exponential moments of all orders 

or that (j2.5p holds with fixed y2 = 0. Then £(^q{Z ■ M + N)^ is a true martingale on [0, T] . 

In particular, when 7 < 2, £{Z ■ M + N) is a true martingale. 



Remark 8.3. In [2l|] Proposition 7 the authors show that the martingale part of so- 
lutions to the BSDE (|2.ip with bounded first component belongs to the class of BMO 
martingales so that it yields a measure change. Our theorem may thus be seen as a gen- 
eralization of this result to the case in which Y is not necessarily bounded. 

Proof. We apply Lemma [8TT] with M := q{Z ■ M + N) for some fixed \q\ > 7/2. Firstly, 
we assume that f3 > and that y*]a]i has exponential moments of all orders. Considering 

log G^(t) := qri [{Z ■ M)t + Nt] + 9' Q " {Z ■ M + N)t 
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log Gr,{t) = qii {Vt - lo + j^is, Y,, Zs) dAs + j\, d{N))j + f Q - t?^ (Z • A/ + iV)^ 
< 2|^|?7y* + \q\j^\a\i + |g|r?/3 y*|a|i + |g|r/ (^2 + M Q _ . M + iV)^. 



Noting that 
we have that P-a.s. for ah t G [0,T], 



2 r^\2 ') - '- 2|g|-7 



Gr^{t) < exp{2\q\viY*)e^v{\q\r]\a\i + |^|r?/5y*|Q|i^ , 

for aU 7] > qt). By the exponential moments assumption on y*, |a|i and y*|a|i, we conclude 
from Holder's inequality that 



.2) 



sup E[Gr,(r)] < +00 

r stopping time 
valued in [0,T] 



for all r] > qo > 1/2. It now follows from Lemma 18.11 that 8{qr}{Z ■ M + N)) is a true 
martingale for all rj G [go,oo)\{l}. The second part of this lemma ensures that in fact 
£{qr]{Z ■ M + A^)) is a true martingale for all r/ > 1. Thus, if \q\ > 7/2 we apply this 
result for some fixed \q\ € (7/2, |g|) and r] := q/q = \q/q\ > 1 to conclude that indeed 
£{q{Z ■ M + N)) is a true martingale. 

Now if /3 > and (j2.5p holds with fixed 1/2 = 0, we use (|2.7p to derive, similarly to the 
above, 

log G^it) < 2\q\r]Y* + \q\rj\a\i + \q\riPY*AT + \q\v (| + ^ " ^)) {Z ■ M + N)t 

so that the claim follows from the boundedness of A^ using exactly the same arguments. 
The reasoning from above also applies when Assumption 12 . 2 1 (iii) holds with /? = 0, without 
any further conditions. □ 

9. Applications. In the final section we explore two applications of our results, specif- 
ically focusing on utility maximization and partial equilibrium. Our contribution is to show 
that the standard results continue to hold when the usual boundedness assumptions are 
replaced by appropriate exponential moments conditions, allowing for more generality. 

9.1. Constrained Utility Maximization under Exponential Moments. In the context of 
the constrained utility maximization problem with power utility the following BSDE ap- 
pears, cf. [2J1 Section 4.2.1, 



1 



dYt = ZJ dMt + dNt - F{t, Zt) dAt - - d{N)t, Yt = 0, 



where the generator is given by 
p{l -p) 



F{t,z) 



inf 

2 lyec 



Bt V 



z- \t 
l-p 



+ 



p{l -p) 



Bt 



z- \t 
1 — p 



+ -,\\B.z\ 
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In the above 1—p G (0, +00) is the investor's relative risk aversion and v refers to investment 
strategies in a stock whose returns are driven by the continuous local martingale M under 
the market price of risk process A and must be valued in the closed constraint set C. Writing 
the infimum in terms of the distance function, which is Lipschitz continuous, one can show 
that the driver F satisfies Assumption 12.21 (ii)-(v), so that there exist constants cx and 
such that 

\F{t,z)\ < cx\\BtXtf + c,\\Btzf. 

When we enforce that the mean-variance trade off XJ{M)tXt has all exponential mo- 
ments, an assumption weaker than that of boundedness given in the cited literature, we are 
in the current framework and see that the BSDE admits a unique solution in ^ x SOT^ x A4^. 



The crucial step in [15l | and [2J| is, given a solution triple {Y,Z,N), to construct the rele- 
vant optimizers; this is the process of verification. Building on Theorem 18.21 and not relying 
on BMO arguments such a verification is performed in [l3|, where we refer the reader for 
further details and where additional illustration is given via a class of stochastic volatility 
models. Hence, using the theorems of the present paper, it is possible to show that one 



can repeat the reasoning of [15|] and |24i | and that similar results continue to hold for more 
general classes of market price of risk processes under appropriate trading constraints such 
as bounded short-selling and borrowing. 

A biproduct of the analysis described here is a direct link between solutions to the utility 
maximizati on p roblem and solutions to the BSDE in an exponential moments setting, 
building on [25| . This allows for a detailed study of the stability of the utility maximization 



problem, undertaken in j23l |. which is important in many applications. 



9.2. Partial Equilibrium and Market Completion under Exponential Moments. We now 



briefiy describe the partial equilibrium framework of in which structured securities that 
are written on nontradable assets are priced via a market clearing condition. 

The agents in this economy have preferences which are given by dynamic convex risk 
measures. The risk they are exposed to is given by two sources. The first is encoded in 
a financial market in which frictionless trading in a stock S is possible. The second is a 
non-financial risk factor R that can only be dealt with via a derivative written on this 
external factor. It is assumed that this derivative completes the market, in fact it is shown 
that in equilibrium the market is complete. 

More specifically, while the market price A"^ of financial risk is given exogenously the 
market price A^ of external risk is determined via an equilibrium condition. This states 
that when the derivative is priced according to the pricing rule arising from (A'^, A^) the 
agents' aggregated demand matches the fixed supply. The demand is in this setting given 
by the solutions to the agents' individual risk minimization problems and is a function of 
A«. 

To ease the exposition we put ourselves in a representative agent setting where the 
agent's preferences are of entropic type, i.e. their utility function is exponential. Then the 
following BSDE for the agent's dynamic risk Y appears 

dYt = ZJ dWt - \ ((Af )2 - 2Af - dt, Yt = H, 

where is a two dimensional Brownian motion representing the two sources of risk, 
Z = {Z^,Z'^) is the corresponding control process to Y and H is the agent's endowment. 
Under suitable exponential moments assumptions the present article provides the existence 
of a unique solution (Y, Z) to the above BSDE. Once we check that defines a valid 
pricmg rule, i.e. that £{{X'^,Z^) ■ W) is a true martingale, we know that the equilibrium 
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market price of external risk is given by := Z^. To conclude we can generalize 14 1. 
full details will appear elsewhere. 
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